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ABSTRACT. In this paper, by considering dual Darboux frame, we define dual 
Smarandache curves lying fully on unit dual sphere S$? and corresponding 
ruled surfaces. We obtain the relationships between the elements of curvature 
of dual spherical curve (ruled surface) @(s) and its dual Smarandache curve 
(Smarandache ruled surface) &1(s) and we give an example for dual Smaran- 
dache curves of a dual spherical curve. 


1. INTRODUCTION 


In the Euclidean space E%, an oriented line L can be determined by a point 
p € LE and a normalized direction vector @ of L, i.e. ||a|| = 1. The components 
of LE are obtained by the moment vector a* = p x a with respect to the origin at 
cartesian coordinate system in E?. The two vectors @ and @* are not independent 
of one another; they satisfy the relationships (@,a@) = 1, (d@,a@*) = 0. The pair 
(a, @*) of the vectors @ and a@*, which satisfies those relationships, is called unit 
dual vector[2]. The most important properties of real vector analysis are valid for 
the dual vectors. Since each dual unit vector corresponds to a oriented line of BE, 
there is a one-to-one correspondence between the points of unit dual sphere $? and 
the oriented lines of E*. This correspondence is known as E. Study Mapping[2]. 
As a sequence of that, a differentiable curve lying fully on unit dual sphere in dual 
space D® represents a ruled surface which is a surface generated by moving of a 
line L along a curve a(s) in E? and has the parametrization 7(s,u) = G(s) +ul(s), 
where &(s) is called generating curve and I(s), the direction of the line L, is called 
ruling. 

In the study of the fundamental theory and the characterizations of space curves, 
the special curves are very interesting and an important problem. The most mathe- 
maticians studied the special curves such as Mannheim curves and Bertrand curves. 
Recently, a new special curve which is called Smarandache curve is defined by 
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Turgut and Yilmaz in Minkowski space-time[6]. Then Ali have studied Smaran- 
dache curves in the Euclidean 3-space E°/1]. 

Moreover, Onder has studied the Bertrand offsets of ruled surface according to 
the dual geodesic trihedron(Darboux frame) and given the relationships between 
the dual and real curvatures of a ruled surface and its offset surface[5]. 

In this paper, we give Darboux approximation for dual Smarandache curves on 
unit dual sphere $?. Firstly, we define the four types of dual Smarandache curves 
(Smarandache ruled surfaces) of a dual spherical curve(ruled surface). Then, we 
obtain the relationships between the dual curvatures of dual spherical curve G(s) 
and its dual Smarandache curves. Furthermore, we show that dual Smarandache 
ég-curve of a dual curve is always its Bertrand offset. Finally, we give an example 
for Smarandache curves of an arbitrary curve on unit dual sphere 82, 


2. DUAL NUMBERS AND DUAL VECTORS 


Let D= IRx IR = {a= (a,a*): a,a* € IR} be the set of the pairs (a,a*). 
For a = (a,a*), b = (b,b*) € D the following operations are defined on D: 

Equality: a=b@a=b, a* =b* 

Addition: a+b=(a+b, a* +b*) 

Multiplication: ab = (ab, ab* + a*b) 

The element ¢ = (0,1) € D satisfies the relationships 


(2.1) e240, 2 =0,. 4l=le=4 


Let consider the element @ € D of the form @ = (a,0). Then the mapping 
f:D—- IR, f(a,0) =a is a isomorphism. So, we can write a = (a,0). By the 
multiplication rule we have that 


a = (a,a*) 
= (a, 0) + (0,a*) 
(2.2) = (a,0) + (0, 1)(a*, 0) 


| 
Q 
+ 
a) 
a 


Then @ = a+ea”* is called dual number and ¢ is called dual unit. Thus the set 
of all dual numbers is given by 


(2.3) D={a=a+ea*: a,a* €IR, e? =0} 


The set D forms a commutative group under addition. The associative laws 
hold for multiplication. Dual numbers are distributive and form a ring over the 
real number field[2,4]. 

Dual function of dual number presents a mapping of a dual numbers space on 
itself. Properties of dual functions were thoroughly investigated by Dimentberg|3]. 
He derived the general expression for dual analytic (differentiable) function as fol- 
lows: 


(2.4) f(@) = f(w@+ex*) = f(x) tex" f(a), 
where f’(a) is derivative of f(a) and x,2* € IR. 
Let D? = Dx Dx D be the set of all triples of dual numbers, i.e., 
(2.5) D® = {@ = (G1, G2, a3): a € D, i=1,2,3}, 
Then the set D? is module together with addition and multiplication operations 


on the ring D and called dual space. The elements of D® are called dual vectors. 
Similar to the dual numbers, a dual vector @ may be expressed in the form @ = 
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@+ed* = (@,a*), where @ and a are the vectors of [R?. Then for any vectors 
i ? y 


a@ = @+eG@* and b = b+ cb* of D®, the scalar product and the cross product are 
defined by 


(2.6) (a, b) = (a, b) a ((a, a) + (a, b)) 


and 


=) 
o] 


(2.7) axb=axb+e(ax i +a" x5) 


respectively, where (a, b) and @ x b are the inner product and the cross product of 
the vectors @ and a* in IR®, respectively. 

The norm of a dual vector a is given by 
(a, a*) 2 

=~, (@#0). 

I|a| 

A dual vector @ with norm 1 + ¢0 is called unit dual vector. The set of all unit 

dual vectors is given by 


(2.9) S? = {4 =(a1,a2,a3) € D?: (4, 4) =1+e0}, 
and called dual unit sphere[2,4]. 
E. Study used dual numbers and dual vectors in his research on the geometry of 


lines and kinematics. He devoted special attention to the representation of directed 
lines by dual unit vectors and defined the mapping that is known by his name: 


(2.8) I|a|| = llal| + € 


Theorem 2.1 (E. Study Mapping). There exists one-to-one correspondence be- 
tween the vectors of unit dual sphere S? and the directed lines of space R? [2,4]. 


By the aid of this correspondence, the properties of the spatial motion of a line 
can be derived. Hence, the geometry of the ruled surface is given by the geometry 
of dual curves lying fully on the unit dual sphere in D®. 

The angle @ = 6 + €6* between two unit dual vectors @, 6 is called dual angle 
and defined by 


(a, b) = cos@ = cos 6 — e6* sin 0. 
By considering the E. Study Mapping, the geometric interpretation of dual angle 


is that @ is the real angle between lines L;, L2 corresponding to the dual unit 
vectors a, 0 respectively, and 6* is the shortest distance between those lines[2,4]. 


3. DUAL REPRESENTATION OF RULED SURFACES 


In this section, we introduce dual representation of a ruled surface which is given 
by Veldkamp in [7] as follows: 

Let & be a dual curve represented by = é(u) or # + e%* = E(u) + c€*(u). 
The real curve x = e(u) on the unit real sphere is called the (real) indicatriz of 
k; we suppose throughout that it does not exist of a single point. We take as the 
parameter u the arc-length s on the real indicatrix and we denote differentiation 


with respect to s by primes. Then % = é(s) and (dé, él) = 1. The vector e =f is 
the unit vector parallel to the tangent at the indicatrix. It is well known that given 
dual curve k may be represented by 


(3.1) & =&s) =e+eExe 
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where 
ees, (dé) Si (¢,é) 2h: 
We observe that c is unambiguously determined by &. It follows from (3.1) that 
(3.2) él =Tt+e(exf+ed xe). 


Hence by means of |%| = |Z| + eEz) (& 4 0): 


|z 


(3.3) lé| =1+edet (2,2) =1+eA 


where A = det (¢ 1, i). Since c’ as well as é is perpendicular to f we may write 
Cxé= wt: then we obtain A = (d x é,t) = wu. Therefore cx €= Af and we 
obtain in view of (3.2): 
(3.4) é=t+e(@xtt+Adt). 

Let t be dual unit vector with the same sense as é’; then we find as a consequence 
of (3.3): é = (1+<¢A)t. This leads in view of (3.4) to: 
(3.5) t=t+eext. 

Guided by elementary differential geometry of real curves we introduce the dual 


arc-length § of the dual curve k by 


Ss 


s= [\e(o|ao= f(1+edjdo=ste | Ado. 
0 0 


0 


Then 5’ = 1+¢A. We define furthermore: $2 = g. hence $2 = é + <A and 
therefore 


dé 

(3.6) a 

Introducing the dual unit vector é x t = g = G + eg* we observe & x f = G; hence 
by means of (3.1) and (3.5): 


(3.7) g=Gteex G. 


=: 


Then the dual frame {é, : g} is called dual geodesic trihedron( or dual Darboux 
frame) of the ruled surface corresponding to dual curve é. Thus, the derivative 
formulae of this frame are given as follows, 


BS) gah ge 19-& Bat 

where ¥ is called dual spherical curvature and given by 

(3.9) y= yte(6—-A); 

and 6 = (d,é), y= - (¢,2). From (3.8) introducing the dual Darboux vector 
d=7é+ 9 we have 

(3.10) Badxé, Gadxi, Gadxg 
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Analogous to common differential geometry the dual radius of curvature R of 
the dual curve % = é(s) is given by 


dele 

R = dol 
Then from (3.6) and (3.8), 

(3.11) R=(4+7)?. 


The unit vector do with the same sense as the Darboux vector d = 7ye+g is 
given by 
—_ ess 
do = e+ g. 
Vier: wie 
The dual angle p between do and é satisfies therefore: 
7 at 1 


(3.12) 


cos p = —=———__ ,_ snp = ————.. 
/1+ 7? /1+ 72 
Hence: 
(3.13) R=sinp, 7y=cot/. 


The point M on the dual unit sphere indicated by do is called the dual spherical 
centre of curvature of k at the point Q given by the parameter value 5, whereas # 
is the dual spherical radius of curvature|7]. 


4. DUAL SMARANDACHE CURVES AND SMARANDACHE RULED SURFACES 


From E. Study Mapping, it is well-known that dual curves lying on unit dual 
sphere correspond to ruled surfaces of the line space R°. Thus, by defining the dual 
smarandache curves lying fully on dual unit sphere, we also obtain the smarandache 
ruled surfaces corresponding at line space! R?. Then, the differential geometry of 
smarandache ruled surfaces can be investigated by considering the corresponding 
dual smarandache curves on unit dual sphere. 

In this section, we first define the four different types of the dual smarandache 
curves on unit dual sphere. Then by the aid of dual geodesic trihedron(Dual Dar- 
boux frame), we give the characterizations of these dual curves(ruled surfaces). 


4.1. Dual Smarandache ét -curve of a unit dual spherical curve. In this 
section, we define the first type of dual Smarandache curves as dual Smarandache 
ét-curve. Then, we give the relationships between the dual curve and its dual 
Smarandache éf-curve. Using the found results and relationships we study the de- 
velopability of the corresponding ruled surface and its Smaranadache ruled surface. 


Definition 4.1. Let @ = @(8) be a unit speed regular dual curve lying fully on unit 
dual sphere S$? and {é, t, ga} be its moving dual Darboux frame. The dual curve a1 
defined by 

1 
4.1 a, =—=(e+t 
is called the dual Smarandache é¢-curve of & and fully lies on S?. Then the ruled 
surface corresponding to @ is called the Smarandache é-ruled surface of the surface 
corresponding to dual curve a. 
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Now we can give the relationships between & and its dual Smarandache ét-curve 
dQ as follows. 


Theorem 4.1. Let @ = G(8) be a unit speed regular dual curve lying on dual unit 
sphere S?. Then the relationships between the dual Darboux frames of & and its 
dual Smarandache ét-curve 1 are given by 


ae al. 0 
a a oi al iC 
(4.2) ty = VJ 247? VJ2+7? VJ247? t 
n 1 a g 


a 4 v2 
44292 44272 2492 
where ¥ is as given in (8.9). 

Proof. Let us investigate the dual Darboux frame fields of dual Smarandache ét- 


curve according to @ = @(8). Since @, = €;, we have 


Th cp 
(4.3) a, (é+t) 


Differentiating (4.3) with respect to 5, we get 


dé, dé, O81. 32% ds, _ 1 ( é+#+79) 
ds ds, ds | ds 2 ae 
and hence 
: —€+t+ 79 
(4.4) Fee Gals ace I) 
2a? 
where 
dy [247 
ds 2 
Thus, since 9; = é1 x t1, we have 
- 7 2 oe V2 s 
(4.5) G1 ii a y 


= t+ 
J44+ 27 V/4 4+ 27? eae 


From (4.3)-(4.5) we have (4.2). 


If we represent the dual Darboux frames of @ and a1 by the dual matrixes E 
and EF}, respectively, then (4.2) can be written as follows: 


E=AE, 

where 

i = 0 

V2 V2 7 

: 1 1 ¥ 
(4.6) A= Vat 24? V+ 
at a v2 
4/4427? 44292 24-92 


It is easily seen that det(A) = 1 and AAT = ATA = I, where I is the 3 x 3 
unitary matrix. It means that A is a dual orthogonal matrix. Then we can give 
the following corollary. 


Corollary 4.1. The relationship between Darboux frames of the dual curves (ruled 
surfaces) & and Q is given by dual orthogonal matrix (4.6). 
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Theorem 4.2. The relationship between the dual Darboux formulae of dual Smaran- 
dache ét -curve &, and dual Darbous frame of & is as follows: 


(4.7) 
dé pat a _ a 
di 249? 2477 V2+7 
dt, = 277 —V277 -2/2 277/-V2(14+-77) (2497) V2(09' 4-97) (24-77) -V277 7’ 
da 42)? Q+2)? (2472)? 
don 427/427 = 79-27-24 71-297 -257/ 
a (2472)? (24-972)? ea 


Proof. Differentiating (4.3), (4.4) and (4.5) with respect to 5, we have the desired 
equation (4.7). 


Theorem 4.3. Let @ = G(8) be a unit speed regular curve on unit dual sphere. 
Then the relationship between the dual curvatures of a and its dual Smarandache 
ét-curve G1 is given by 


s yy + 27! + 27 
(4.8) 1 — ote Se 3 G 
(2+ 7°)? 
Proof. Since oo = —7 ti, from (4.4) and (4.6), we get dual curvature of the curve 
@1(51) as follows: 
2 WP ay sy 
(a+)? 


Corollary 4.2. The Darboux vector of dual Smarandache ét-curve is given by 


is 1 zs ra = “ 
(4.9) dy = ————, [(27° + 27 + 47) € + 29/t + (277 +4) gj]. 
V2(2+77)? 
Proof. It is known that the dual Darboux instantaneous vector of dual Smarandache 
ét-curve is dj = 71€1 + g1. Then, from (4.2) and (4.8) we have (4.9). 


Theorem 4.4. Let a(3) = @ be a unit speed regular dual curve on unit dual sphere 
and & be its dual Smarandache ét-curve. If the ruled surface corresponding to dual 
curve &@ is developable then the ruled surface corresponding to dual curve Q, is also 
developable if and only if 


_ 8677 +26 4+26 — 36y(72 + 27’ + 29) 


on 3 5 
(a+) (a+) 


Proof. From (3.9) we have 
y=y+eld—7A) 
M= +e (61-1 Ar) 
Then substituting these equalities into to equation (4.8), we have 
(377 + 2)(6 — yA) + 26’ —2y A-2yA’ 3y7(6 — yA)(72 + 27 + 2y) 
a+) Qty?) | 
Since the ruled surface corresponding to dual curve @ is developable, A = 0. 
Hence, 


64-%1 Ai = 


by (897 +.2)5 4.28 | 375(q? +. 24/ + 24) 
nm @tP)? —— nate) 


HEA 


Kat) 
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Thus, the ruled surface corresponding to dual curve @, is developable if and only 
if 


_ 367° +26 af 26’ = 3dy(y? + 27’ + 2) 
(2472)? QE)? 


Theorem 4.5. The relationship between the radius of dual curvature of dual 
Smarandache ét-curve G1 and the dual curvature of & is given by 


(24+72)? 


(4.10) Rie 
278 + 1494 + 1272 + 4939 + 899/ + 497 


Proof. From (3.11), Ri = —4zz. Then from (4.8), the radius of dual curvature is 


(1442) 


3 
1 = (2+7)? 
tae 4 GB+25" ere V 296 + 1494 + 124? + 4939! + 879 + 49? 
(2+77) 


Theorem 4.6. The relationship between the radius of dual spherical curvature of 
dual Smarandache ét-curve @ and the elements of dual curvature of & is, 


+7) 


(4.11) Pi = arcsin 
of 296 + 1494 + 1272 + 4939! + 897 + 497” 


Proof. Let p; be the radius of dual spherical curvature and R, be the radius of dual 
curvature of @,. From equation (3.13) we have 


sin Pl = Ry. 
Thus, we get radius of dual spherical curvature 
3 
(2+77)" 
278 + 1494 + 12972 + 4939! + 897/ + 497 


P1 = arcsin 


In the following sections we define dual Smarandache é@, tg and étg curves. The 
proofs of the theorems and corollaries of these sections can be given by using the 
similar way used in previous section. 


4.2. Dual Smarandache ég-curve of a unit dual spherical curve. In this 
section, we define the second type of dual Smarandache curves as dual Smaran- 
dache é€g-curve. Then, we give the relationships between the dual curve and its 
dual Smarandache ég-curve. Using obtained results and relationships we study the 
developable of the corresponding ruled surface and its Smarandache ruled surface. 


Definition 4.2. Let @(§) = @ be a unit speed regular dual curve lying fully on unit 
dual sphere and {é, t, g}be its moving Darboux frame. The dual curve @2 defined 
by 


(4.12) ee (E+ 9). 


V2 


DUAL SMARANDACHE CURVES AND SMARANDACHE RULED SURFACES OL 


is called the dual Smarandache ég-curve of @ and fully lies on S?. Then the ruled 
surface corresponding to Gz is called the Smarandache €g-ruled surface of the surface 
corresponding to dual curve a. 


Now we can give the relationships between @ and its dual smarandache ég-curve 
Q2 as follows. 


Theorem 4.7. Let a(5) = @ be a unit speed regular dual curve lying on unit dual 
sphere S*. Then the relationships between the dual Darboux frames of & and its 
dual Smarandache é€g-curve G2 are given by 


: che Yeas 
ie v2 v2 : 
(4.13) ie tao" & 0 i 
=a 4 x 
9 a ad NG 


From (4.13) we have tz = t, i.e, & is a Bertrand offset of &[5). 


In [5], Onder has given the relationship between the geodesic frames of Bertrand 
surface offsets as follows 


rm cos6 0 —sind 


é 
ty ={0 10 ~- t 
g2 sin? 0 cosé g 


where 0 = 0+ €60*, (0<0<7, 0* ER) is the dual angle between the generators é 
and é€2 of Bertrand ruled surface ye and y.-,. The angle @ is called the offset angle 
and @* is called the offset distance[5]. Then from (4.13) we have that offset angle 
is 9 = 7/4 and offset distance is 0* = 0. Then we have the following corollary. 


Corollary 4.3. The dual Smarandacheég-curve of a dual curve @ is always its 
Bertrand offset with dual offset angle 6 = 1/4 + <0. 


Theorem 4.8. Let a(S) = @ be a unit speed regular dual curve on unit dual sphere 
S?. Then according to dual Darboux frame of &, the dual Darboux formulae of dual 
Smarandache €g-curve G2 are as follows: 


eo 0 1 0 é 
de -v2 v247 ra 
2. 


Theorem 4.9. Let a(5) = @ be a unit speed regular curve on unit dual sphere. 
Then the relationship between the dual curvatures of @ and its dual Smarandache 
€g-curve Az is given by 


ey ED 
O12: = 1-4 A 

Corollary 4.4. The dual curvature 7 of & is zero if and only if the dual curvature 
V2 of dual Smarandache ét-curve a, is 1. 


Corollary 4.5. The Darboux instantaneous vector of dual Smarandache €g-curve 


is given by 
i 27 2. 
ee alae eae, 
oa al ey 
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Theorem 4.10. Let a(5) = & be a unit speed regular curve on unit dual sphere 
and Q2 be the dual Smarandache ég-curve of a. If the ruled surface corresponding 
to the dual curve & is developable then the ruled surface corresponding to dual curve 
Q2 is developable if and only if 


(1 — 7°) 62 — 28 = 0. 


Theorem 4.11. Let a(5) = @ be a unit speed regular curve on unit dual sphere. 
Then the relationship between the radius of dual curvature of dual Smarandache 
ég-curve G2 and the dual curvature of a(S) = & is given by 


i 1-947 
Pees 
\f 277 +2 
Theorem 4.12. Let a(5) = @ be a unit speed regular curve on unit dual sphere. 


Then the relationship between the radius of dual spherical curvature of dual Smaran- 
dache €g-curve Q2 and the elements of dual curvature of @ is given by 


1 = * * 
Pa = ann ( 5 | € send e | ‘ 
V24+ 27 5 2)3 3i i 
V2 (1+ 77)? cos { arcsin STE 
4.3. Dual Smarandache tg -curve of a unit dual spherical curve. In this 
section, we define the second type of dual Smarandache curves as dual Smarandache 
tg-curve. Then, we give the relationships between the dual curve and its dual 
smarandache tg-curve. Using the found results and relationships we study the 
developable of the corresponding ruled surface and its Smaranadache ruled surface. 


Definition 4.3. Definition 5.3. Let @(5) = a be a unit speed regular dual curve 
lying fully on unit dual sphere and {é, t, g}be its moving Darboux frame. The dual 
curve G3 defined by 


63 = i (i+9) 
V2 
is called the dual Smarandache tg-curve of & and fully lies on $2. Then the ruled 


surface corresponding to 43 is called the Smarandache tg-ruled surface of the surface 
corresponding to dual curve a. 


Now we can give the relationships between @ and its dual Smarandache tg-curve 
3 as follows: 


Theorem 4.13. Let &(5) = @ be a unit speed regular dual curve lying on unit 
dual sphere S?. Then the relationships between the dual Darboux frames of & and 
its dual Smarandache tg-curve Q3are given by 


0 1 == 
€3 24 ce V2 5 € 
(4.15) ts = VJ 1427? VJ 1427? V/1427? t 
93 27 =! g 
V24472 24492 24.47? 


_ If we represent the dual darboux frames of @ and a3 by the dual matrixes E and 
E\, respectively, then (4.15) can be written as follows 


E = AE, 
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where 
1 1 
4 Va VB, 
x =1 =7 af 
(4.16) A= V 14272 V 14272 VJ1427? 
24 aa 1 


VJ2t472 24472 4/2447? 


It is easily seen that det(A) = 1 and AAT = ATA = I, where I is the 3 x 3 
unitary matrix. It means that A is a dual orthogonal matrix. Then we can give 
the following corollary: 


Corollary 4.6. The relationship between the Darboux frames of the dual curves (ruled 
surfaces) & and G3 is given by a dual orthogonal matrix defined by (4.16). 


Theorem 4.14. The relationship between the dual Darboux formulae of dual Smaran- 
dache tg -curve a3 and dual Darboux frame of @ is given by 


(4.17) 
=1 al Z 
a 4/1429? \/14252 J14277 
diz | _ | 2v299/-v27(1+27?) 2/2975 —V2(9' 49741) (14277) -2V 2974 +V2(9/-7”) (14277) 
dss (14292)? (14292)? (4292)? 
a —169°9/+(47/+2)(24+477) — 899/+29(2+497) —877/ —29(2+477) 
(14247)? (14247)? (14247)? 


Theorem 4.15. Let a(5) = @ be a unit speed regular curve on unit dual sphere. 
Then the relationship between the dual curvatures of @ and its dual Smarandache 
tg-curve Q3 1s given by 
_ 4/255 + 4/27? + 2V2 
3 = ; 
(2+497)3 


Corollary 4.7. If the dual curvature 7 of & is zero, the dual curvature 73 of dual 
Smarandache ét-curve G3 is 1. 


Corollary 4.8. The Darboux instantaneous vector of dual Smarandache tg-curve 
ee ak ene en CT eee ae te 

as given by d3 Vna a3 aaa onaee 

Theorem 4.16. Let a(5) = & be a unit speed regular curve on unit dual sphere 
and a3 be the dual Smarandache tg-curve of a. If the ruled surface corresponding 
to the dual curve @ is developable then the ruled surface corresponding to dual curve 
a3 ts developable if and only if 


— 4V2b9/ + 4/240! + 8/26 
(2+)? 


126-y(4V 277 + 4V27? + 2V2) 
(2+72)? 


| 
T 


om 


Theorem 4.17. Let a(5) = @ be a unit speed regular curve on unit dual sphere. 
Then the relationship between the radius of dual curvature of dual Smarandache 
tg-curve G3 and the dual curvature of Q(8) = & is given by 


24 472)3 

ss +477)? 

Rs = ( ! ) . 
ve + 492)3 + (4/279! + 4/297? + 2/2)? 


HA 


m& 


94 TANJU KAHRAMAN AND HASAN HUSEYIN UGURLU 


Theorem 4.18. Let a(5) = @ be a unit speed regular curve on unit dual sphere. 
Then the relationship between the radius of dual spherical curvature of dual Smaran- 
dache tg-curve &3 and the elements of dual curvature of & is, 


(24.452)? 
V2 + 492)3 + (Av 245" + 427? + 22)? 


p3 = arcsin 


4.4. Dual Smarandache étg -curve of a unit dual spherical curve. In this 
section, we define the second type of dual Smarandache curves as dual Smarandache 
étg-curve. Then, we give the relationships between the dual curve and its dual 
smarandache é¢g-curve. Using the found results and relationships we study the 
developable of the corresponding ruled surface and its Smaranadache ruled surface. 


Definition 4.4. Let @(§) = @ be a unit speed regular dual curve lying fully on unit 
dual sphere and {é, t, g}be its moving Darboux frame. The dual curve a4 defined 
by 


is called the dual Smarandache é¢g-curve of & and fully lies on S?. Then the 
ruled surface corresponding to @ is called the Smarandache é¢g-ruled surface of 
the surface corresponding to dual curve a. 


Now we can give the relationships between & and its dual smarandache étg-curve 
Q4 as follows: 


Theorem 4.19. Let &(5) = @ be a unit speed regular dual curve lying on unit 
dual sphere S?. Then the relationships between the dual Darboux frames of & and 
its dual Smarandache etg-curve Qaare given by 


mus aalbe, a 
C4 ee Ved ee e 
(4.18) t4 = J27? 2742 V/292-2942 —-y/27?-2942 t 
Ga 27-1 —(F+1) 2-7 g 


VO/7?-F41  VOV/7?2-7F41  VEy/9?-F41 


_ If we represent the dual darboux frames of @ and a4 by the dual matrixes E and 
E}, respectively, then (4.18) can be written as follows 


E= Ak, 
where 
se cay hs 
V3 V3 .S V3 bs 
iss -1 1-7 a7 
(4.19) A= | VS2P=m742 2772442 © /292-2542 


27-1 —(F7+1) 2-¥ 
V6/¥?—-F41  VOV/7?2-F4+1  VOV/9?-F41 
It is easily seen that det(A) = 1 and AA? = ATA = I, where I is the 3 x 3 
unitary matrix. It means that A is a dual orthogonal matrix. Then we can give 
the following corollary. 


Corollary 4.9. The relationship between the Darboux frames of the dual curves (ruled 
surfaces) & and G4 is given by a dual orthogonal matrix defined by (4.19). 
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Theorem 4.20. The relationship between the dual Darboux formulae of dual Smaran- 
dache étg-curve G4 and dual Darboux frame of & is given by 


(4.20) 


dg =1 1-4 j 

 ds4  By2 25 F2 277 2542 257 — 2742 

Hh oe | ayer 2 ogi ie ig ono Wo bn? 20 a Ao pus Sa) he ws yal 
dig. =|) V389! (24-1) +-V3(F-1) 277-2742 — V3 4! +97 29? -2942" — V3(4-1) 299! -4/ 39! +4 —92 24? -2942° — V39/ 1297-7 

| dsq | 27225429 242 24429 272 2542" 

| dia | 4a 4294292 -741J-(27-D) 297-9) = 29/429? -2.97? -F 414941) 297-7 = 29! — 29? — 215? - 74114 (F-2)297/-7| | 
{| ds4 | 452 —F41 49? —F 417 49? —F 417 


Theorem 4.21. Let a(5) = @ be a unit speed regular curve on unit dual sphere. 
Then the relationship between the dual curvatures of @ and its dual Smarandache 
etg-curve G4 is given by 
. 37 + 277 42 
4 = ce 
2/2 (7? — 7 +1)? 
Corollary 4.10. If the dual curvature 7 of a is zero, then the dual curvature V4 


of dual Smarandache étg-curve G4 is ree 


Corollary 4.11. The Darboux vector of dual Smarandache étg-curve is given by 
~ 387 +67? — 6774+ 67 ~ 37’ ~ 37 +677 -67+6. 
da = - 3 64 —— ee ——S x9. 
2V6 (7 —7+1)? 2V6(F2-F+1)? = 2V6 (G2 -F +1)? 
Theorem 4.22. Let a(s) =a be a unit speed regular curve on unit dual sphere 
and a4 be the dual Smarandache étg-curve of a. If the ruled surface corresponding 


to the dual curve @ is developable then the ruled surface corresponding to dual curve 
a4 is developable if and only if 


7 6y76 + 36’ 36 (2y — 1) (3y/ + 277 + 2) 
2/2 (72-741)? AV2 (72-7 +1)? 
Theorem 4.23. Let a(5) = @ be a unit speed regular curve on unit dual sphere. 


Then the relationship between the radius of dual curvature of dual Smarandache 
étg-curve a4 and the dual curvature of a(S) = & is given by 


3 

ow OAge aA)? 
R= 
82-7 +1)? + (87 +278 +2)? 


Theorem 4.24. Let a(5) = @ be a unit speed regular curve on dual unit sphere. 
Then the relationship between the radius of dual spherical curvature of dual Smaran- 
dache etg-curve a4 and the elements of dual curvature of @ is 


2/2 (72 4 +1)? 


8 (72 —F+1)° + (BY +273 + 2)” 


Oa 


p4 = arcsin 


Example 4.1. Let consider the dual spherical curve @(5) given by the parametriza- 
tion 
a(s) = (cos s, sins, 0) +e(—s sins, s coss, 0). 
The curve G(s) represents the ruled surface 


r(s,v) = (v coss, v sins, s) 
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which is a helicoids surface rendered in Fig. 1 [7]. Then the dual Darboux frame 
of @ is obtained as follows, 


é(s) = (cos s, sins, 0) +e(—s sins, s coss, 0) 
i(s) = (—sins, coss, 0) +e(—scoss, —ssins,0) 
g(s) = (0,0, 1) 


The Smarandache ét, ég, tg, and étg curves of the dual curve @ are given by 


a1(s) = a [(cos s — sin s, coss + sins, 0) + €(—scoss — ssins, scoss — ssins, 0)| 
G(s) = J [(coss, sins, 1) + ¢(—ssins, scoss, 0)] 

a3(s) = wa [(—sins, coss, 1) + e(—scoss, —ssins, 0)] 

Q4(s) = Fi [(cos s — sins, coss + sins, 1) + €(—scoss — ssins, scoss — ssins, 0)| 


respectively. From E. Study mapping, these dual spherical curves correspond to 
the following ruled surfaces 


ri(s,v) = (0,0,s) +v (+ coss — wa sins, Ja 00s s + sins, 0) 


V2 2 
ro(s,v) = (0,0,s) +v Fa COS 8, Fa sins, Fa 
r3(s,v) = (0,0,s) + — 5 sins, Fa C08 8, w 


ra(s,v) = (0,0,s) +4 Yq Coss — yz sins, Fq cos 8 4 7a sins, 45) 


respectively. These surfaces are rendered in Fig.2, Fig. 3, Fig. 4 and Fig. 5, 
respectively. 


FIGURE 1. Helicoid surface corresponding to dual curve a 
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FIGURE 2. Smarandache éf ruled surface 
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FIGURE 4. Smarandache tg ruled surface 
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FIGURE 5. Smarandache é¢g ruled surface 
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